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Ìàòåìàòè÷åñêè ìîäåëèðóåòñÿ òå÷åíèå îäíîðîäíîãî ãàçà è íåîäíîðîäíîé ñðåäû, ïðåäñòàâëÿþùåé ñî­
áîé âçâåñü òâåðäûõ ÷àñòèö â ãàçå – ãàçîâçâåñü. Öåëüþ ðàáîòû ÿâëÿåòñÿ èçó÷åíèå âëèÿíèÿ ïëîòíîñòè ìà­
òåðèàëà ÷àñòèö òâåðäîé êîìïîíåíòû ñìåñè íà ïðîöåññ èñòå÷åíèÿ ñìåñè â âàêóóì è âûÿâëåíèå îòëè÷èé 
îò ïðîöåññà èñòå÷åíèÿ â âàêóóì îäíîðîäíîãî ãàçà. Ïðè ìîäåëèðîâàíèè ïðîöåññà èñòå÷åíèÿ ó÷èòûâàëèñü 
âÿçêîñòü, ñæèìàåìîñòü è òåïëîïðîâîäíîñòü ãàçà. Ìàòåìàòè÷åñêàÿ ìîäåëü, ïðèìåíåííàÿ â èññëåäîâà­
íèè, ðåàëèçóåò êîíòèíóàëüíóþ ìåòîäîëîãèþ ìîäåëèðîâàíèÿ òå÷åíèÿ íåîäíîðîäíîé ñðåäû. 

Îñîáåííîñòüþ ýòîé ìåòîäèêè ÿâëÿåòñÿ òî, ÷òî ïðè îïèñàíèè äâèæåíèÿ ñìåñè çàïèñûâàåòñÿ ïîëíàÿ 
ãèäðîäèíàìè÷åñêàÿ ñèñòåìà óðàâíåíèé äâèæåíèÿ äëÿ êàæäîé èç êîìïîíåíò ñìåñè. Ïðè ýòîì ñèñòåìû 
óðàâíåíèé äâèæåíèÿ êîìïîíåíò ñìåñè ñâÿçàíû ñëàãàåìûìè, îòâå÷àþùèìè çà ìåæôàçíîå ñèëîâîå è òå­
ïëîâîå âçàèìîäåéñòâèå. 

Âàæíîñòü ó÷åòà ìåæêîìïîíåíòíîãî âçàèìîäåéñòâèÿ â ñìåñè ñâÿçàíà ñ òåì, ÷òî äèíàìèêà ãåòåðîãåí­
íûõ ñðåä – ñìåñåé, â êîòîðûõ êîìïîíåíòû èìåþò ðàçëè÷íîå àãðåãàòíîå ñîñòîÿíèå, âî ìíîãîì îïðåäåëÿ­
åòñÿ ýôôåêòàìè, ñâÿçàííûìè ñ ìåæêîìïîíåíòíûì âçàèìîäåéñòâèåì. Ñèñòåìà óðàâíåíèé ìàòåìàòè÷å­
ñêîé ìîäåëè âêëþ÷àåò óðàâíåíèÿ íåïðåðûâíîñòè äëÿ ïëîòíîñòè íåñóùåé ñðåäû è «ñðåäíåé ïëîòíîñòè» 
äèñïåðñíîé êîìïîíåíòû ñìåñè. 

Äëÿ îïèñàíèÿ ñîõðàíåíèÿ èìïóëüñà íåñóùåé ñðåäû ðåøàëîñü óðàâíåíèå Íàâüå – Ñòîêñà, äëÿ äèñ­
ïåðñíîé êîìïîíåíòû ñìåñè òàêæå çàïèñûâàëîñü óðàâíåíèå ñîõðàíåíèÿ èìïóëüñà ñ ó÷åòîì ñëàãàåìûõ, 
îòâå÷àþùèõ çà ìåæêîìïîíåíòíîå âçàèìîäåéñòâèå. Óðàâíåíèÿ ñîõðàíåíèÿ ýíåðãèè êîìïîíåíò ñìåñè ðå­
øàëèñü ñ ó÷åòîì ìåæêîìïîíåíòíîãî òåïëîîáìåíà. Ñèñòåìà óðàâíåíèé ìàòåìàòè÷åñêîé ìîäåëè, äîïîë­
íåííàÿ êðàåâûìè óñëîâèÿìè, ðåøàëàñü ÿâíûì êîíå÷íî­ðàçíîñòíûì ìåòîäîì âòîðîãî ïîðÿäêà òî÷íîñòè. 

Â ðåçóëüòàòå ìîäåëèðîâàíèÿ âûÿâëåíû îòëè÷èÿ â ðàñïðåäåëåíèè ïàðàìåòðîâ ñïëîøíîé ñðåäû ïðè 
ðàñïðîñòðàíåíèè â âàêóóì ÷èñòîãî ãàçà è ãàçîâîé âçâåñè ÷àñòèö. Âûÿâëåíî âëèÿíèå ïëîòíîñòè ìàòåðèà­
ëà ÷àñòèö íà ïðîöåññ èñòå÷åíèÿ íåñóùåé ñðåäû è äèñïåðñíîé êîìïîíåíòû ãàçîâçâåñè â âàêóóì
 
Êëþ÷åâûå ñëîâà: ãàçîâçâåñü; óðàâíåíèå Íàâüå – Ñòîêñà; ÷èñëåííîå ìîäåëèðîâàíèå; óðàâíåíèÿ â ÷àñòíûõ ïðîèç­
âîäíûõ; êðàåâàÿ çàäà÷à; ìîäåëèðîâàíèå òåõíîëîãè÷åñêèõ ïðîöåññîâ; ìåæêîìïîíåíòíîå âçàèìîäåéñòâèå; ãàçîâàÿ 
äèíàìèêà; ñêîðîñòíûå ïîòîêè ãàçà; èñòå÷åíèå â âàêóóì

In the article, the flow of a homogeneous gas and inhomogeneous medium representing a suspension of solid 
particles in a gas – gas suspension is mathematically modeled. The aim of the work is to study the effect of ma­
terial density of the solid component particles of the mixture on the process of the mixture outflow into vacuum 
and to identify differences from the process of a homogeneous gas outflow into vacuum. When simulating the 
outflow process, the viscosity, compressibility and thermal conductivity of the gas were taken into account. The 
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mathematical model described in this article implements a continuous methodology for modeling the inhomo­
geneous medium flow. 

A feature of this technique is that when describing the motion of a mixture, a complete hydrodynamic system 
of motion equations is recorded for each of the components of the mixture. In this case, the systems of motion 
equations of the mixture components are connected with the components responsible for interphase force and 
thermal interaction.

The importance of taking into account the intercomponent interaction in a mixture is due to the fact that 
the dynamics of heterogeneous media, mixtures in which the components have different aggregate states, are 
largely determined by the effects associated with intercomponent interaction. The system of the mathematical 
model equations includes continuity equations for the density of the carrier medium and the “average density” of 
the dispersed component of the mixture. 

To describe the momentum conservation of the carrier medium, the Navier – Stokes equation has been 
solved; for the dispersed component of the mixture; the equation of momentum conservation has also been 
written, taking into account the terms responsible for the intercomponent interaction. The energy conservation 
equations for the mixture components have been solved, taking into account inter­component heat transfer. The 
system of the mathematical model equations, supplemented by boundary conditions, has been solved by an 
explicit finite­difference method of the second order of accuracy. 

As a result of the simulation, differences in the distribution of the parameters of a continuous medium during 
the propagation of pure gas and gas suspension of particles into a vacuum are revealed as well as the influence 
of the material density of the particles on the process of the carrier medium and dispersed component expiration 
of the gas suspension in vacuum

Key words: gas suspension; Navier – Stokes equation; numerical simulation; partial differential equations; boundary value 
problem; modeling of technological processes; intercomponent interaction; gas dynamics; high­speed gas flows; outflow into 
vacuum

Ââåäåíèå. Òå÷åíèÿ íåîäíîðîäíûõ ñðåä 
âñòðå÷àþòñÿ êàê â åñòåñòâåííîé ïðèðî­

äå, òàê è â òåõíèêå. Â ðÿäå ìîíîãðàôèé îïè­
ñàíà ìåòîäîëîãèÿ ìîäåëèðîâàíèÿ òå÷åíèé 
íåîäíîðîäíûõ ñðåä [9; 11; 16]. Òåîðåòè÷å­
ñêîìó è ýêñïåðèìåíòàëüíîìó èññëåäîâàíèþ 
äèíàìèêè íåîäíîðîäíûõ ñðåä ïîñâÿùåíû 
ïóáëèêàöèè â ïåðèîäè÷åñêèõ èçäàíèÿõ [1–8; 
10; 12; 14–16; 18–20]. 

Âî ìíîãîì èíòåðåñ ê èññëåäîâàíèþ òàêèõ 
ñðåä ñâÿçàí ñ îïòèìèçàöèåé ðàáîòû ðåàêòèâ­
íûõ äâèãàòåëåé è ýêðàíèðîâàíèåì ïðîìûø­
ëåííûõ âçðûâîâ âçâåñÿìè æèäêèõ êàïåëü ëèáî 
òâåðäûõ ÷àñòèö [1; 3]. Èçó÷åíèå äèíàìè÷åñêèõ 
ïðîöåññîâ â íåîäíîðîäíûõ ñðåäàõ ñâÿçàíî ñ 
ïðîáëåìàìè ñâàðî÷íîé òåõíèêè, ýêîëîãèè è 
çäðàâîîõðàíåíèÿ [4; 6–8; 10]. Òå÷åíèÿ íåîä­
íîðîäíûõ ñðåä âñòðå÷àþòñÿ òàêæå â òåõíîëî­
ãèÿõ îáîãàùåíèÿ ïîëåçíûõ èñêîïàåìûõ [2]. 

Èñòå÷åíèå íåîäíîðîäíîé ñðåäû â ðàç­
ðÿæåííûé ãàç ïðîèñõîäèò ïðè ðàáîòå ãàçî­
çàáîðíûõ àïïàðàòîâ. Â ñòàòüå «Àñïèðàöèÿ 
àýðîçîëÿ â öèëèíäðè÷åñêèé ïðîáîîòáîðíèê 
èç íèçêîñêîðîñòíîãî íèñõîäÿùåãî ïîòîêà è 
èç íåïîäâèæíîé ñðåäû» àíàëèòè÷åñêè ñìî­
äåëèðîâàí ïðîöåññ àñïèðàöèè àýðîçîëÿ â 
äâóìåðíîé îáëàñòè, áåç ó÷åòà âçàèìîîáðàò­
íîãî âëèÿíèÿ íåñóùåé è äèñïåðñíîé ñðåäû. 

Ïðåäïîëàãàëîñü, ÷òî äèíàìèêà äèñïåðñíîé 
êîìïîíåíòû íå îêàçûâàåò âëèÿíèÿ íà äâè­
æåíèå íåñóùåé ñðåäû [5]. Àíàëèç òåîðåòè­
÷åñêèõ è ýêñïåðèìåíòàëüíûõ èññëåäîâàíèé 
äèíàìèêè àýðîçîëåé óêàçûâàåò, ÷òî ïðîöåññû 
ìåæôàçíîãî âçàèìîäåéñòâèÿ ïðèâîäÿò ê ñó­
ùåñòâåííûì îòëè÷èÿì õàðàêòåðèñòèê òå÷åíèé 
îäíîðîäíûõ ñðåä è äèñïåðñíûõ ñìåñåé [9].

Îáúåêòîì èññëåäîâàíèÿ ÿâëÿþòñÿ ãà­
çîâçâåñè, èëè àýðîçîëè – íåîäíîðîäíûå 
ñðåäû, ñîñòîÿùèå èç âçâåøåííûõ â ãàçå ÷à­
ñòèö. Â ñëó÷àå, åñëè äèñïåðñíàÿ êîìïîíåíòà 
ãàçîâçâåñè ÿâëÿåòñÿ æèäêîñòüþ, òàêèå ñðåäû 
íàçûâàþò ãàçîêàïåëüíûìè, åñëè äèñïåðñíàÿ 
êîìïîíåíòà ãàçîâçâåñè ñîñòîèò èç òâåðäûõ 
÷àñòèö – çàïûëåííûìè. 

Ïðåäìåòîì èññëåäîâàíèÿ ÿâëÿåòñÿ 
îäèí èç âèäîâ òå÷åíèé ãàçîâçâåñè, òàê íàçû­
âàåìîå «èñòå÷åíèå â âàêóóì». Äëÿ íåâÿçêîãî 
ãàçà ñóùåñòâóþò ïðåäñòàâëåííûå â íàó÷íîé 
ëèòåðàòóðå àíàëèòè÷åñêèå ðåøåíèÿ. Îäíàêî 
ðåàëüíûå ãàçû ÿâëÿþòñÿ âÿçêèìè ñðåäàìè, 
â ñâÿçè ñ ÷åì ïðè ìîäåëèðîâàíèè âîçíèêà­
åò íåîáõîäèìîñòü ó÷åñòü âÿçêîñòü ñðåäû. Â 
äàííîé ðàáîòå âÿçêîñòü íåñóùåé ñðåäû ó÷è­
òûâàåòñÿ. 

Öåëüþ èññëåäîâàíèÿ ÿâëÿåòñÿ îïðåäå­
ëåíèå òîãî, êàêèì îáðàçîì ïëîòíîñòü äèñ­
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ïåðñíîé êîìïîíåíòû ñðåäû âëèÿåò íà èñòå­
÷åíèå õèìè÷åñêè è òåðìîäèíàìè÷åñêè (áåç 
ôàçîâûõ ïåðåõîäîâ) èíåðòíîé ãàçîâçâåñè, 
ïðè ýòîì, êàê ïðàâèëî, èíåðòíûå ãàçîâçâå­
ñè ÿâëÿþòñÿ çàïûëåííûìè ñðåäàìè, ò. å. 
âçâåñÿìè òâåðäûõ ÷àñòèö. Íåîáõîäèìîñòü 
ïîäîáíûõ òåîðåòè÷åñêèõ èññëåäîâàíèé äëÿ 
ïðîìûøëåííîñòè ñâÿçàíà ñ òåì, ÷òî íàëè÷èå 
äèñïåðñíûõ âêëþ÷åíèé îêàçûâàåò çíà÷èòåëü­
íîå âëèÿíèå íà õàðàêòåð ïðîöåññîâ è ðàáî÷èå 
õàðàêòåðèñòèêè óñòðîéñòâ, â êîòîðûõ èñïîëü­
çóþòñÿ ïîòîêè íåîäíîðîäíûõ ñðåä [9; 16]. 

Çàäà÷à, êîòîðàÿ ðåøàëàñü â ïðîöåññå 
èññëåäîâàíèÿ, ïðåäñòàâëÿëà ñîáîé êðàåâóþ 
çàäà÷ó ñ íà÷àëüíûìè çíà÷åíèÿìè äëÿ íåëè­
íåéíîé ñèñòåìû óðàâíåíèé â ÷àñòíûõ ïðîèç­
âîäíûõ. Ðåøåíèå ïîñòàâëåííîé çàäà÷è îñó­
ùåñòâëåíî ìåòîäîì êîíå÷íûõ ðàçíîñòåé. 

Ìåòîäîëîãèÿ è ìåòîäû èññëåäîâàíèÿ. 
Äâèæåíèå ñðåäû îïèñûâàëîñü äâóìÿ ñèñòå­
ìàìè óðàâíåíèé – ñèñòåìîé óðàâíåíèé äâè­
æåíèÿ íåñóùåé ôàçû è ñèñòåìîé óðàâíåíèÿ 
äâèæåíèÿ äèñïåðñíîé êîìïîíåíòû. Ñèñòåìà 
óðàâíåíèé äâèæåíèÿ íåñóùåé ôàçû âêëþ÷à­
ëà òðè óðàâíåíèÿ: óðàâíåíèå íåïðåðûâíîñòè 
ïëîòíîñòè ãàçà (1); óðàâíåíèå Íàâüå – Ñòîê­
ñà [13; 17] â îäíîìåðíîì ïðèáëèæåíèè (2); 
óðàâíåíèå íåïðåðûâíîñòè ïîëíîé ýíåðãèè 
ãàçà (3). Â ñîâîêóïíîñòè óðàâíåíèÿ (1)–(3) 
îáðàçóþò ïîëíóþ ãèäðîäèíàìè÷åñêóþ ñè­
ñòåìó óðàâíåíèé äâèæåíèÿ ñïëîøíîé ñðåäû 
â íåñòàöèîíàðíîé ïîñòàíîâêå äëÿ òå÷åíèÿ ñ 
îäíîìåðíîé ãåîìåòðèåé. Óðàâíåíèå (4) îïè­
ñûâàåò ôóíêöèþ ñäâèãîâûõ âÿçêèõ íàïðÿæå­
íèé ãàçà â îäíîìåðíîì òå÷åíèè. 

                                                                      (1)

 (2)

 (3)

 (4)

Ôóíêöèÿ âÿçêèõ íàïðÿæåíèé ÿâëÿåòñÿ 
âûðàæåíèåì, îïèñûâàþùèì âÿçêèå ïîòå­
ðè íåñóùåé ñðåäû, âûðàæàþùèåñÿ ÷åðåç 
ïðîñòðàíñòâåííûå ïðîèçâîäíûå îò êîîðäè­
íàòíûõ ñîñòàâëÿþùèõ âåêòîðû ñêîðîñòè, â 
îäíîìåðíîì ñëó÷àå ñêîðîñòü ãàçà ÿâëÿåòñÿ 
ñêàëÿðíîé âåëè÷èíîé. Ôóíêöèÿ (4) âõîäèò êàê 
â óðàâíåíèå ñîõðàíåíèÿ èìïóëüñà (2) (Íà­
âüå – Ñòîêñà), òàê è â óðàâíåíèå ñîõðàíåíèÿ 
ýíåðãèè ãàçîâîé ôàçû ñìåñè (3). Â îáùåì 

ñëó÷àå ôóíêöèÿ ÿâëÿåòñÿ íåëèíåéíîé, îäíà­
êî â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ òå÷åíèå 
ãàçà, äëÿ êîòîðîãî íàçâàííàÿ ôóíêöèÿ ÿâëÿ­
åòñÿ ëèíåéíîé. 

Ñæèìàåìîñòü íåñóùåé ñðåäû ó÷èòû­
âàëàñü ïðåäñòàâëåíèåì ïëîòíîñòè ãàçà êàê 
ôóíêöèè çàâèñÿùåé îò ïðîñòðàíñòâåííîé 
è âðåìåííîé êîîðäèíàò. Äèíàìèêà óäàð­
íî­âîëíîâûõ, äåòîíàöèîííûõ, ñâåðõçâóêîâûõ 
è, â öåëîì, âûñîêîñêîðîñòíûõ òå÷åíèé ãàçà, 
âêëþ÷àÿ è èñòå÷åíèÿ ãàçà â âàêóóì, òðåáó­
åò ìàòåìàòè÷åñêèõ ìîäåëåé, ó÷èòûâàþùèõ 
ñæèìàåìîñòü ñðåäû. Îòñóòñòâèå ñæèìàå­
ìîñòè òå÷åíèÿ ñðåäû â îäíîìåðíîì ñëó÷àå 
ïðèâåëî áû ê ñâåäåíèþ óðàâíåíèÿ íåðàç­

ðûâíîñòè ìàññû ãàçà (1) ê óðàâíåíèþ 0
u

x

¶
=

¶
, 

èç ÷åãî ñëåäîâàëî áû, ÷òî ôóíêöèÿ ñêîðîñòè 
ÿâëÿåòñÿ ñòàöèîíàðíîé ïî ïðîñòðàíñòâåííîé 
êîîðäèíàòå ôóíêöèåé âðåìåííîé ïåðåìåí­
íîé u=u(t). 

Äèíàìèêà äèñïåðñíîé ôàçû àýðîçîëü­
íîé ñìåñè îïèñûâàåòñÿ ñèñòåìîé óðàâíå­
íèé ïîäîáíîé ñèñòåìå óðàâíåíèé (1)–(3), çà 
ðÿäîì èñêëþ÷åíèé. Ïðåæäå âñåãî, äëÿ äèñ­
ïåðñíîé êîìïîíåíòû ðåøàåòñÿ óðàâíåíèå 
ñîõðàíåíèÿ «ñðåäíåé ïëîòíîñòè» (5), à íå ôè­
çè÷åñêîé ïëîòíîñòè ìàòåðèàëà äèñïåðñíûõ 
âêëþ÷åíèé [9]. «Ñðåäíÿÿ ïëîòíîñòü» – ïðî­
èçâåäåíèå èñòèííîé (ôèçè÷åñêîé) ïëîòíîñòè 
ìàòåðèàëà ÷àñòèö è îáúåìíîãî ñîäåðæàíèÿ 
äèñïåðñíîé ôàçû, ÿâëÿþùåãîñÿ ôóíêöèåé 
ïðîñòðàíñòâåííîé è âðåìåííîé ïåðåìåííûõ. 
Òàêèì îáðàçîì, ïðè ìàòåìàòè÷åñêîì ìîäå­
ëèðîâàíèè äèñïåðñíàÿ êîìïîíåíòà òàêæå 
èìååò íåêèé àíàëîã «ñæèìàåìîñòè», ñîîòâåò­
ñòâóþùåé ñæèìàåìîñòè íåñóùåé ñðåäû – ãà­
çà. Ïðè ýòîì ñàìè ÷àñòèöû ÿâëÿþòñÿ íåñæè­
ìàåìûìè. 

Òàêæå ñèñòåìà óðàâíåíèé äèíàìèêè 
äèñïåðñíîé êîìïîíåíòû âêëþ÷àåò óðàâíå­
íèå ñîõðàíåíèÿ èìïóëüñà (6), îòëè÷àþùååñÿ 
îò óðàâíåíèÿ Íàâüå – Ñòîêñà (2) îòñóòñòâèåì 
ôóíêöèè âÿçêèõ íàïðÿæåíèé. Äëÿ äèñïåðñ­
íîé êîìïîíåíòû ñìåñè çàïèñûâàåòñÿ óðàâ­
íåíèå ñîõðàíåíèÿ ýíåðãèè (7). Óðàâíåíèÿ 
ìàòåìàòè÷åñêîé ìîäåëè (2), (3), (6), (7) â ïðà­
âûõ ÷àñòÿõ èìåþò ñëàãàåìûå, îòâå÷àþùèå çà 
îáìåí èìïóëüñîì (â óðàâíåíèÿõ ñîõðàíåíèÿ 
èìïóëüñà) è ýíåðãèåé (â óðàâíåíèÿõ ñîõðàíå­
íèÿ ýíåðãèè) ìåæäó êîìïîíåíòàìè ñìåñè.

 (5)
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 (6)

 (7)

Â óðàâíåíèÿõ (1), (5) ïðàâûõ ÷àñòåé íåò, 
÷òî ñâÿçàíî ñ îòñóòñòâèåì ìàññîîáìåííûõ 
ïðîöåññîâ ìåæäó êîìïîíåíòàìè, òàê íàçûâà­
åìîé èíåðòíîñòüþ ãàçîâçâåñè (îòñóòñòâèåì 
õèìè÷åñêèõ ïðåâðàùåíèé è ôàçîâûõ ïåðåõî­
äîâ). Çäåñü α = α(t,x) – ôóíêöèÿ, îïèñûâàþùàÿ 
îáúåìíîå ñîäåðæàíèå äèñïåðñíîé ôàçû. Êî­
ýôôèöèåíò ñîïðîòèâëåíèÿ Cd – ñîîòâåòñòâó­
åò êîýôôèöèåíòó àýðîäèíàìè÷åñêîãî ñîïðî­
òèâëåíèÿ ÷àñòèö ñôåðè÷åñêîé ôîðìû. 

Â óðàâíåíèÿõ èñïîëüçîâàíû ñëåäóþ­
ùèå ôèçè÷åñêèå âåëè÷èíû: p – äàâëåíèå, ρ – 
ïëîòíîñòü, u – ñêîðîñòü; Ò – òåìïåðàòóðà, å – 
ýíåðãèÿ. Èíäåêñ «1» îáîçíà÷àåò ôèçè÷åñêóþ 
âåëè÷èíó äèñïåðñíîé êîìïîíåíòû ñìåñè. 
Ôèçè÷åñêàÿ âåëè÷èíà áåç èíäåêñà îïèñûâàåò 
èçìåíåíèå ïàðàìåòðîâ ãàçîâîé ôàçû. 

Òåìïåðàòóðà ãàçà íàõîäèòñÿ èç óðàâíåíèÿ 

(8)

ãäå R – ãàçîâàÿ ïîñòîÿííàÿ. 
Ñèëîâîå âçàèìîäåéñòâèå íåñóùåé è 

äèñïåðñíîé ôàç ó÷èòûâàåò íåñêîëüêî ðàç­
íîðîäíûõ ñèë, äåéñòâóþùèõ íà äèñïåðñíûå 
÷àñòèöû ñî ñòîðîíû ãàçà: ñèëó Ñòîêñà FS, äè­
íàìè÷åñêóþ ñèëó Àðõèìåäà FA è ñèëó ïðèñî­
åäèíåííûõ ìàññ Fam. Ïðè ýòîì ñèëîâîå âîç­
äåéñòâèå èìååò âçàèìîîáðàòíûé õàðàêòåð 
[9]. Ìàòåìàòè÷åñêàÿ ìîäåëü ïðåäïîëàãàåò 
ìîíîäèñïåðñíûé ñîñòàâ òâåðäîé êîìïîíåí­
òû ãàçîâçâåñè – âñå ÷àñòèöû èìåþò îäèíàêî­
âûé ðàçìåð è îäèíàêîâûå ôèçè÷åñêèå ñâîé­
ñòâà – ïëîòíîñòü è òåïëîåìêîñòü ìàòåðèàëà. 

Òåïëîâàÿ ýíåðãèÿ âçâåøåííîé â ãàçå 
äèñïåðñíîé ôàçû îïðåäåëÿåòñÿ êàê 

e
1
=ρ

1
C

p
T

1
,                                                                                    (9)

ãäå Ñ
ð
 – óäåëüíàÿ òåïëîåìêîñòü åäèíèöû ìàñ­

ñû âåùåñòâà, èç êîòîðîãî ñîñòîÿò ÷àñòèöû. 
Òåïëîâîé ïîòîê ìåæäó êîìïîíåíòàìè 

ñìåñè îïèñûâàåòñÿ ñëåäóþùèì âûðàæåíèåì:

Q=6ραNu
1
λ(T-T

1
)/(2r)2.                             (10)

Â ìàòåìàòè÷åñêîé ìîäåëè èñïîëüçîâà­
íû îòíîñèòåëüíûå ÷èñëà Íóññåëüòà, Ìàõà, 
Ðåéíîëüäñà, à òàêæå ÷èñëî Ïðàíäòëÿ [9]

 (11)

Äëÿ èñêîìûõ ôóíêöèé çàäàâàëèñü ñëå­
äóþùèå ãðàíè÷íûå óñëîâèÿ [5; 17; 20]:

Â íà÷àëüíûé ìîìåíò âðåìåíè êîìïîíåí­
òû ñìåñè ïîêîèëèñü: 

u(0,i) = 0, u
1
(0,i) = 0. 

Äëÿ âñåõ èñêîìûõ ôóíêöèé â ìîäåëèðó­
åìîé îáëàñòè òå÷åíèÿ çàäàâàëèñü íà÷àëüíûå 
çíà÷åíèÿ â ëåâîé ïîëîâèíå êàíàëà (x<L/2) 

0 1 10 0  0e ,i e , e ,i e= = ,

0 1 10 0 0,i , ,i= =                                           
è â ïðàâîé ïîëîâèíå êàíàëà (x≥L/2)

1 0 0  0 0e ,i , e ,i= = ,

1 0 0 0 0,i , ,i= = .
 

Ñèñòåìà óðàâíåíèé òå÷åíèÿ äâóõêîì­
ïîíåíòíîé ñðåäû ðåøàëàñü ÿâíûì êîíå÷­
íî­ðàçíîñòíûì ìåòîäîì âòîðîãî ïîðÿäêà 
òî÷íîñòè ïî ïðîñòðàíñòâåííûì ïåðåìåííûì 
[17]. ×èñëåííîå ðåøåíèå ïðîâîäèëîñü íà 
ðàâíîìåðíîé ñåòêå ñ êîëè÷åñòâîì óçëîâ 
âäîëü îñè x – N = 1000. Ìåòîäîëîãèÿ ìîäå­
ëèðîâàíèÿ òåñòèðîâàëàñü ñîïîñòàâëåíèåì ñ 
÷èñëåííûìè ðåøåíèÿìè, èçâåñòíûìè èç ëè­

.
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òåðàòóðû [18], è ðåçóëüòàòàìè ôèçè÷åñêèõ 
ýêñïåðèìåíòîâ [12]. 

Îñíîâíûå óðàâíåíèÿ äèíàìèêè íåîä­
íîðîäíûõ ñðåä ðàçðàáîòàíû â ìîíîãðàôèè 
«Îñíîâû ìåõàíèêè ãåòåðîãåííûõ ñðåä» [11]. 
Òåìàòèêà âûñîêîñêîðîñòíûõ òå÷åíèé ãà­
çîâçâåñåé (êàê ïðàâèëî, õèìè÷åñêè èíåðòíûõ 
çàïûëåííûõ ñðåä) ïîäðîáíî ðàññìîòðåíà 
â ðÿäå ñòàòåé è ìîíîãðàôèé [3; 9; 15; 16]. 
Âìåñòå ñ òåì èñòå÷åíèå íåîäíîðîäíûõ ñðåä 
â âàêóóì èññëåäîâàíî â ìåíüøåé ìåðå, ÷åì 
óäàðíî­âîëíîâûå è ñêîðîñòíûå òå÷åíèÿ äèñ­
ïåðñíûõ ñðåä. Òàêæå ñóùåñòâåííûé èíòåðåñ 
ïðåäñòàâëÿåò ðàññìîòðåíèå âçàèìîîáðàò­
íûõ ýôôåêòîâ, âîçíèêàþùèõ ïðè èñòå÷åíèè 
ãàçîâçâåñè â âàêóóì, è òî, êàêèì îáðàçîì ïà­
ðàìåòðû äèñïåðñíîé ñðåäû âëèÿþò íà äèíà­
ìèêó ãàçà ïðè èñòå÷åíèè â âàêóóì äâóõêîìïî­
íåíòíîé ñìåñè. 

Ðåçóëüòàòû èññëåäîâàíèÿ. Íà ðèñ. 1 
ïðåäñòàâëåíî ñõåìàòè÷íîå èçîáðàæåíèå ìî­
äåëèðóåìîé ôèçè÷åñêîé îáëàñòè, â êîòîðîé 
îäíà ïîëîâèíà êàíàëà çàïîëíåíà ãàçîâçâå­
ñüþ, à â äðóãîé – âàêóóì. 

Çíà÷åíèÿ ñêîðîñòè ïðè ðàçëåòå â âàêóóì 
â íåâÿçêîì ãàçå – 725 ì/ñ – áîëüøå, ÷åì â 
âÿçêîì ãàçå (557 ì/ñ), ïðè ýòîì â âÿçêîì ãàçå 
ñ äèñïåðñíîé êîìïîíåíòîé ñêîðîñòü ñïóòíî­
ãî ñëåäà (315 ì/ñ) ñóùåñòâåííî íèæå, ÷åì â 

îäíîðîäíîé ñðåäå (ðèñ. 2). ×èñëåííûå ðàñ­
÷åòû äëÿ ðàçëåòà ÷èñòîãî ãàçà è ãàçîâçâåñè â 
âàêóóì èìåþò îòëè÷èÿ. Ó÷åò ìåæêîìïîíåíò­
íîãî âçàèìîäåéñòâèÿ ìåæäó íåñóùåé ñðåäîé 
è äèñïåðñíîé êîìïîíåíòîé ïðèâîäèò ê òîìó, 
÷òî ðåçóëüòàòû ðàñ÷åòîâ ÷èñëåííîé ìîäåëè 
ãàçîâçâåñè âûÿâëÿþò áîëåå íèçêèå ñêîðîñòè 
ñïóòíîãî ïîòîêà ãàçà. 

Ðàññìîòðèì âëèÿíèå ïëîòíîñòè ìàòå­
ðèàëà ÷àñòèö òâåðäîé êîìïîíåíòû ñìåñè íà 
ïðîöåññ ðàçëåòà ãàçîâçâåñè â âàêóóì. Ïðè 
ïîñëåäîâàòåëüíîì óâåëè÷åíèè ïëîòíîñòè 
ìàòåðèàëà ÷àñòèö ïðîèñõîäèò óìåíüøåíèå 
ñêîðîñòè, äîñòèãàåìîé ñïóòíûì ïîòîêîì ãà­
çà (ðèñ. 3). Òàêæå çàìåäëÿåòñÿ ïðîöåññ èñòå­
÷åíèÿ ãàçîâîé êîìïîíåíòû ñìåñè â âàêóóì. 

Ðèñ. 2. Ïðîñòðàíñòâåííîå ðàñïðåäåëåíèå ïðîäîëüíîé 
ñêîðîñòè: 1 – â àíàëèòè÷åñêîì ðåøåíèè; 

2 – â ÷èñëåííîì ðåøåíèè äëÿ îäíîðîäíîãî âÿçêîãî ãàçà; 
3 – â ÷èñëåííîì ðåøåíèè äëÿ ãàçîâçâåñè ñ ïëîòíîñòüþ 

ìàòåðèàëà ÷àñòèö ρ
10

=2500 êã/ì3 / Fig. 2. Spatial 
distribution of the longitudinal velocity:1 – in the analytical 
solution; 2 – in the numerical solution for a homogeneous 
viscous gas; 3 – in a numerical solution for a gas suspen­
sion with a particle material density of ρ

10
 = 2500 kg /m3 

 Ðèñ. 3. ×èñëåííî ðàññ÷èòàííûå ïðîñòðàíñòâåííûå 
ðàñïðåäåëåíèÿ ñêîðîñòè ãàçà ïðè ðàçëåòå â âàêóóì:

1 – âÿçêîãî ãàçà ñ äèñïåðñíîé êîìïîíåíòîé 
ñ ïëîòíîñòüþ ìàòåðèàëà ρ

10
=750 êã/ì3; 2 – âÿçêîãî ãàçà 

ñ äèñïåðñíîé êîìïîíåíòîé ñ ïëîòíîñòüþ ìàòåðèàëà 
ρ

10
=2500 êã/ì3; 3 – âÿçêîãî ãàçà ñ ïëîòíîñòüþ

 ìàòåðèàëà ρ
10

=19050 êã/ì3 / Fig. 3 Numerically calculated 
spatial distributions of the gas velocity during the 
expansion of a: 1 – viscous gas with a dispersed 

component with a material density ρ10 = 750 kg / m3 into 
vacuum; 2 – viscous gas with a dispersed component with a 

material density ρ
10

 = 2500 kg / m3; 3 – viscous gas with
 a material density ρ

10
 = 19050 kg / m3

Ðèñ. 1. Ñõåìàòè÷íîå èçîáðàæåíèå êàíàëà ñ çàïûëåííîé 
ñðåäîé / Fig. 1. Schematic representation of a channel with 

a dusty environment 
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Äëÿ ÷àñòèö èç ìåíåå ïëîòíûõ ìàòåðè­
àëîâ ðàñïðåäåëåíèå äàâëåíèÿ áëèçêî ê ðàñ­
ïðåäåëåíèþ äàâëåíèÿ â òå÷åíèè îäíîðîäíîãî 
ãàçà. Ñ óâåëè÷åíèåì ôèçè÷åñêîé ïëîòíîñòè 
äèñïåðñíîé êîìïîíåíòû ñìåñè ïðîèñõîäèò 
çàìåäëåíèå òå÷åíèÿ ãàçà (ðèñ. 4). Èíòåíñèâ­
íîñòü ñêîðîñòíîãî ñêîëüæåíèÿ êîìïîíåíò 
ñìåñè â ïðîöåññå ðàçëåòà ãàçîâçâåñè â âà­
êóóì âîçðàñòàåò ñ óâåëè÷åíèåì ïëîòíîñòè ÷à­
ñòèö (ðèñ. 5). Ýòî ñâÿçàíî ñ íàëè÷èåì ó áîëåå 

Ðèñ. 4. Ïðîñòðàíñòâåííîå ðàñïðåäåëåíèå äàâëåíèÿ 
ãàçà ïðè ðàçëåòå â âàêóóì: 1 – ÷èñòîãî ãàçà; 

2 – ãàçîâçâåñè ñ ïëîòíîñòüþ ìàòåðèàëà äèñïåðñíîé 
ôàçû ρ10=750 êã/ì3; 3 – ãàçîâçâåñè ñ ïëîòíîñòüþ 

ìàòåðèàëà äèñïåðñíîé ôàçû ρ
10

=2500 êã/ì3; 
4 – ãàçîâçâåñè ñ ïëîòíîñòüþ ìàòåðèàëà äèñïåðñíîé 
ôàçû ρ

10
=19050 êã/ì3 / Fig. 4. Spatial distribution of gas 

pressure during expansion into a vacuum: 1 – of pure gas; 
2 – gas suspensions with the density of the dispersed phase 

material ρ
10

 = 750 kg / m3; 3 – gas suspensions with the 
density of the dispersed phase material ρ

10
 = 2500 kg / m3; 

4 – gas suspensions with the density of the dispersed phase 
material ρ10 = 19050 kg / m3 

Ðèñ. 5. Ïðîñòðàíñòâåííîå ðàñïðåäåëåíèå âåëè÷èíû 
ìåæôàçíîãî ñêîðîñòíîãî ñêîëüæåíèÿ ïðè ðàçëåòå 
â âàêóóì: 1 – ãàçîâçâåñè ñ ïëîòíîñòüþ ìàòåðèàëà 

äèñïåðñíîé ôàçû ρ10=750 êã/ì3; 2 – ãàçîâçâåñè 
ñ ïëîòíîñòüþ ìàòåðèàëà äèñïåðñíîé ôàçû ρ

10
=2500 êã/ì3; 

3 – ãàçîâçâåñè ñ ïëîòíîñòüþ ìàòåðèàëà äèñïåðñíîé 
ôàçû ρ

10
=19050 êã/ì3 / Fig. 5. Spatial distribution of the 

magnitude of interfacial velocity slip during expansion into 
vacuum of a: 1 – gas suspension with a material density of 

the dispersed phase ρ
10

 = 750 kg / m3;  2 – gas suspensions 
with the density of the dispersed phase material 

ρ
10

 = 2500 kg / m3; 3 – gas suspension
 with the density of the dispersed phase material

 ρ
10

 = 19050 kg / m3 

ïëîòíûõ ÷àñòèö áîëüøåé ìàññû è, ñëåäîâà­
òåëüíî, áîëüøåé èíåðöèîííîñòè. Òàêèì îáðà­
çîì, èíòåíñèâíîñòü ñêîðîñòíîãî ñêîëüæåíèÿ 
ïðÿìî ïðîïîðöèîíàëüíà ìàññå ÷àñòèöû. 

Ðåçóëüòàòû ðàñ÷åòîâ äåìîíñòðèðóþò, 
÷òî äëÿ áîëåå ïëîòíûõ ìàòåðèàëîâ äèñïåðñ­
íîé ôàçû çàìåäëÿåòñÿ ìàññîïåðåíîñ äèñ­
ïåðñíîé êîìïîíåíòû ãàçîâçâåñè â âàêóóì 
(ðèñ. 6). 

Ðèñ. 6. Ïðîñòðàíñòâåííîå ðàñïðåäåëåíèå îáúåìíîãî 
ñîäåðæàíèÿ äèñïåðñíîé ôàçû ãàçîâçâåñè ïðè 
ðàçëåòå â âàêóóì: 1 – ãàçîâçâåñè ñ ïëîòíîñòüþ 

ìàòåðèàëà äèñïåðñíîé ôàçû ρ
10

=750 êã/ì3; 
2 – ãàçîâçâåñè ñ ïëîòíîñòüþ ìàòåðèàëà äèñïåðñíîé 

ôàçû ρ
10

=2500 êã/ì3; 3 – ãàçîâçâåñè ñ ïëîòíîñòüþ 
ìàòåðèàëà äèñïåðñíîé ôàçû ρ

10
=19050 êã/ì3 /

Fig. 6. The spatial distribution of the volumetric content of 
the dispersed phase of the gas suspension during 

expansion into vacuum of a: 1 – gas suspension with the 
density of the material of the dispersed phase ρ10 = 750 kg 
/ m3; 2 – gas suspensions with the density of the dispersed 
phase material ρ

10
 = 2500 kg / m3; 3 – gas suspension with 

the density of the dispersed phase material 
ρ10 = 19050 kg / m3 
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Âûÿâëåííûå çàêîíîìåðíîñòè îáóñëîâ­
ëåíû òåì, ÷òî áîëåå ïëîòíûå ÷àñòèöû çà ñ÷åò 
áîëüøåé èíåðöèîííîñòè èìåþò ìåíüøóþ 
ñêîðîñòü â ïîòîêå äâóõêîìïîíåíòíîé ñðåäû. 
Ïðè ýòîì èíòåíñèâíîñòü ìåæêîìïîíåíòíîãî 
âçàèìîäåéñòâèÿ îïðåäåëÿåòñÿ ñóììàðíîé 
ñèëîé àýðîäèíàìè÷åñêîãî ñîïðîòèâëåíèÿ 
÷àñòèö, à çíà÷èò, âîçðàñòàåò îäíîâðåìåííî 
ñ âîçðàñòàíèåì èíòåíñèâíîñòè ìåæêîìïî­
íåíòíîãî ñêîðîñòíîãî ñêîëüæåíèÿ, êîòîðîå 
ïðÿìî ïðîïîðöèîíàëüíî ìàññå ÷àñòèöû. 
Áîëåå ìàññèâíûå ÷àñòèöû ðàçãîíÿþòñÿ äî 
ìåíüøåé ñêîðîñòè, ïðè ýòîì ñðåäà èìååò 
áîëüøåå ñóììàðíîå ìåæêîìïîíåíòíîå ñèëî­
âîå âçàèìîäåéñòâèå. Òàêèì îáðàçîì, ÷àñòè­
öû áîëåå ïëîòíûõ ìàòåðèàëîâ ïðè îäèíàêî­
âîì ðàçìåðå îêàçûâàþò áîëüøåå âëèÿíèå íà 
äèíàìèêó ñìåñè è, â êîíå÷íîì ñ÷åòå, ñèëüíåå 
çàìåäëÿþò òå÷åíèå íåñóùåé ñðåäû – ãàçà. 
Âûÿâëåííûå çàêîíîìåðíîñòè ïîêàçûâàþò, 
÷òî â èñòå÷åíèè ãàçîâçâåñè â âàêóóì èìåþò 
ìåñòî âçàèìîîáðàòíûå ýôôåêòû, âûçâàííûå 
âçàèìîäåéñòâèåì ìåæäó íåñóùåé è äèñïåðñ­
íîé ôàçàìè ñìåñè.

Çàêëþ÷åíèå. Â ðåçóëüòàòå ÷èñëåííîãî 
ìîäåëèðîâàíèÿ ðàçëåòà ãàçîâçâåñè â âàêóóì 
îáíàðóæåíî, ÷òî ïðîöåññ èñòå÷åíèÿ íåîäíî­
ðîäíîé ñðåäû èìååò ñóùåñòâåííûå ðàçëè÷èÿ 

ñ èñòå÷åíèåì â âàêóóì ÷èñòîãî ãàçà. ×èñëåí­
íîå ìîäåëèðîâàíèå âûÿâèëî ñëåäóþùèå çà­
êîíîìåðíîñòè: 

1) óâåëè÷åíèå ïëîòíîñòè ìàòåðèàëà ÷à­
ñòèö äèñïåðñíîé êîìïîíåíòû ãàçîâçâåñè 
ïðèâîäèò ê óìåíüøåíèþ ñêîðîñòè ñïóòíîãî 
ïîòîêà ãàçà. Ïðîöåññ èñòå÷åíèÿ ãàçîâîé è 
äèñïåðñíîé êîìïîíåíò ñìåñè â ãàçîâçâåñÿõ 
ñ áîëåå ìàññèâíûìè ÷àñòèöàìè èìååò áîëü­
øóþ äëèòåëüíîñòü; 

2) äëÿ ãàçîâçâåñåé, äèñïåðñíàÿ êîìïî­
íåíòà êîòîðûõ ñîñòîèò èç ëåãêèõ ÷àñòèö, èñ­
òå÷åíèå íåîäíîðîäíîé ñðåäû â âàêóóì èìååò 
ñóùåñòâåííîå ñõîäñòâî ñ ïðîöåññîì èñòå÷å­
íèÿ â âàêóóì ÷èñòîãî îäíîðîäíîãî ãàçà;

3) èíòåíñèâíîñòü ìåæôàçíîãî ñêîðîñò­
íîãî ñêîëüæåíèÿ â ïðîöåññå ðàçëåòà ãà­
çîâçâåñè â âàêóóì ïðÿìî ïðîïîðöèîíàëüíà 
ïëîòíîñòè ìàòåðèàëà äèñïåðñíûõ âêëþ÷åíèé.

Àíàëèç ÷èñëåííûõ ðàñ÷åòîâ ïîêàçûâà­
åò, ÷òî çàìåäëåíèå ñêîðîñòè èñòå÷åíèÿ ãà­
çîâçâåñè â âàêóóì, â ÷àñòíîñòè ãàçîâîé êîì­
ïîíåíòû ñìåñè, ïðîèñõîäèò ïðè óâåëè÷åíèè 
ôèçè÷åñêîé ïëîòíîñòè òâåðäîé êîìïîíåíòû 
äèñïåðñíîé ñðåäû. Ðåçóëüòàòû èññëåäîâà­
íèé âîçìîæíî ïðèìåíèòü ïðè ðàçðàáîòêå 
òåõíîëîãè÷åñêèõ ïðîöåññîâ, ñâÿçàííûõ ñ òå­
÷åíèÿìè äèñïåðñíûõ ñðåä. 
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