
Âåñòíèê ÇàáÃÓ. 2017. Ò. 23. ¹ 10

22

UDK 622.53
DOI: 10.21209/2227­9245­2017­23­10­22­28

MATHEMATICAL MODEL OF A CIRCULAR LATTICE OF PROFILES
WITH A VORTEX SOURCE

ÌÀÒÅÌÀÒÈ×ÅÑÊÀß ÌÎÄÅËÜ ÊÐÓÃÎÂÎÉ ÐÅØÅÒÊÈ ÏÐÎÔÈËÅÉ
Ñ ÂÈÕÐÅÈÑÒÎ×ÍÈÊÎÌ

Â. Í. Ìàêàðîâ, 
Óðàëüñêèé 

ãîñóäàðñòâåííûé ãîðíûé 
óíèâåðñèòåò,

 ã. Åêàòåðèíáóðã
uk.intelnedra@gmail.com

V. Makarov, 
Ural State Mining 

University, 
Yekaterinburg 

Â. ß. Ïîòàïîâ, 
Óðàëüñêèé

 ãîñóäàðñòâåííûé 
ãîðíûé óíèâåðñèòåò, 

ã. Åêàòåðèíáóðã
2c1@inbox.ru

V. Potapov, 
Ural State Mining 

University, 
Yekaterinburg 

Í. Â. Ìàêàðîâ, 
Óðàëüñêèé 

ãîñóäàðñòâåííûé 
ãîðíûé óíèâåðñèòåò, 

ã. Åêàòåðèíáóðã
mnikolay84@mail.ru

N. Makarov,
 Ural State Mining 

University, 
Yekaterinburg 

Í. À. Óäà÷èíà, 
Óðàëüñêèé 

ãîñóäàðñòâåííûé 
ãîðíûé óíèâåðñèòåò, 

ã. Åêàòåðèíáóðã
2c1@inbox.ru

N. Udachina,
 Ural State Mining 

University, 
Yekaterinburg 

The articles presents results of a profound comprehensive analysis of dynamics of ventilation performance in dead 
mine workings as well as the urgency of development of fans for local ventilation with the increased aerodynamic 
loading and adaptability. A way of adaptation of the conformal transformations method is proposed, using the 
hydrodynamic analogy principle for calculation of mine radial fans aerodynamics, the impeller blades profiles are 
presented in the form of segments of logarithmic spirals in a circular lattice. The aim of the work is to construct 
a mathematical model of aerodynamics of a circular grid of profiles with drain­sources for a purposeful search 
for ways of increasing the aerodynamic loading and adaptability of mine radial fans. The construction of a math­
ematical model is based on the principle of hydrodynamic analogy, method of conformal transformations, theory 
of residues and mathematical theory of singular equations. On basis of the principle of hydrodynamic analogs, the 
position of critical points of profiles of circular grating and the angle of flow exit from it is determined. A math­
ematical model is constructed in the form of a system of equations that establish the dependence of aerodynamic 
loading of shaft radial fan, angle of outflow from its impeller and position of effective critical point of blade profile 
on the energy characteristics of the source­drain. An original patented technical solution for construction of impel­
ler blades of shaft radial fan is suggested with realization in it of energy flow control method which uses a part of 
the main fan flow as a source­drain. High potential is shown of the proposed energy flow control method in the 
inter­blade channels of impeller to increase the operational efficiency, aerodynamic loading and adaptability of 
mine radial fans

Key words: fan; circulation; vortex chamber; aerodynamic scheme; vortex source; circular lattice of profiles; circular 
grid; circulation of stream; unit radius; aerodynamic loading

© Â. Í. Ìàêàðîâ, Â. ß. Ïîòàïîâ,
Í. Â. Ìàêàðîâ,  Í. À. Óäà÷èíà, 2017



Íàóêè î Çåìëå

23

Ïðîâåäåí àíàëèç äèíàìèêè âåíòèëÿöèîííûõ ðåæèìîâ òóïèêîâûõ âûðàáîòîê øàõò. Ïîêàçàíà àêòóàëü­
íîñòü ðàçðàáîòêè âåíòèëÿòîðîâ ìåñòíîãî ïðîâåòðèâàíèÿ ñ ïîâûøåííîé àýðîäèíàìè÷åñêîé íàãðóæåííî­
ñòüþ è àäàïòèâíîñòüþ. Ïðåäëîæåí ïóòü àäàïòàöèè ìåòîäà êîíôîðìíûõ ïðåîáðàçîâàíèé ñ èñïîëüçîâàíèåì 
ïðèíöèïà ãèäðîäèíàìè÷åñêîé àíàëîãèè äëÿ ðàñ÷åòà àýðîäèíàìèêè øàõòíûõ ðàäèàëüíûõ âåíòèëÿòîðîâ, ó 
êîòîðûõ ïðîôèëè ëîïàòîê ðàáî÷èõ êîëåñ ïðåäñòàâëåíû â âèäå îòðåçêîâ ëîãàðèôìè÷åñêèõ ñïèðàëåé â êðó­
ãîâîé ðåøåòêå. Îòìå÷åíî, ÷òî öåëüþ ðàáîòû ÿâëÿåòñÿ ïîñòðîåíèå ìàòåìàòè÷åñêîé ìîäåëè àýðîäèíàìèêè 
êðóãîâîé ðåøåòêè ïðîôèëåé ñ èñòî÷íèêàìè­ñòîêàìè äëÿ ïîèñêà ïóòåé ïîâûøåíèÿ àýðîäèíàìè÷åñêîé íà­
ãðóæåííîñòè è àäàïòèâíîñòè øàõòíûõ ðàäèàëüíûõ âåíòèëÿòîðîâ. Ïîñòðîåíèå ìàòåìàòè÷åñêîé ìîäåëè îñó­
ùåñòâëåíî íà áàçå ïðèíöèïà ãèäðîäèíàìè÷åñêîé àíàëîãèè, ìåòîäà êîíôîðìíûõ ïðåîáðàçîâàíèé, òåîðèè 
âû÷åòîâ, ìàòåìàòè÷åñêîé òåîðèè ñèíãóëÿðíûõ óðàâíåíèé. Íà îñíîâå ïðèíöèïà ãèäðîäèíàìè÷åñêîé àíàëî­
ãèè óñòàíîâëåíà çàâèñèìîñòü ïîëîæåíèÿ êðèòè÷åñêèõ òî÷åê ïðîôèëåé êðóãîâîé ðåøåòêè è óãëà âûõîäà ïî­
òîêà èç íåå. Ïîñòðîåíà ìàòåìàòè÷åñêàÿ ìîäåëü â âèäå ñèñòåìû óðàâíåíèé, óñòàíàâëèâàþùèõ çàâèñèìîñòü 
àýðîäèíàìè÷åñêîé íàãðóæåííîñòè øàõòíîãî ðàäèàëüíîãî âåíòèëÿòîðà, óãëà âûõîäà ïîòîêà èç åãî ðàáî÷åãî 
êîëåñà è ïîëîæåíèÿ ýôôåêòèâíîé êðèòè÷åñêîé òî÷êè ïðîôèëÿ ëîïàòêè îò ýíåðãåòè÷åñêèõ õàðàêòåðèñòèê 
èñòî÷íèêà­ñòîêà. Ïðåäëîæåíî îðèãèíàëüíîå çàïàòåíòîâàííîå òåõíè÷åñêîå ðåøåíèå êîíñòðóêöèè ëîïàòîê 
ðàáî÷åãî êîëåñà øàõòíîãî ðàäèàëüíîãî âåíòèëÿòîðà ñ ðåàëèçàöèåé â íåì ýíåðãåòè÷åñêîãî ñïîñîáà óïðàâëå­
íèÿ îáòåêàíèåì, èñïîëüçóþùåãî â êà÷åñòâå èñòî÷íèêîâ­ñòîêîâ ÷àñòü îñíîâíîãî ïîòîêà âåíòèëÿòîðà. Äîêà­
çàíà âûñîêàÿ ýôôåêòèâíîñòü ïðèìåíåíèÿ ïðåäëîæåííîãî ýíåðãåòè÷åñêîãî ìåòîäà óïðàâëåíèÿ òå÷åíèåì â 
ìåæëîïàòî÷íûõ êàíàëàõ ðàáî÷åãî êîëåñà äëÿ ïîâûøåíèÿ ýêñïëóàòàöèîííîé ýêîíîìè÷íîñòè, àýðîäèíàìè­
÷åñêîé íàãðóæåííîñòè è àäàïòèâíîñòè øàõòíûõ ðàäèàëüíûõ âåíòèëÿòîðîâ

Êëþ÷åâûå ñëîâà: âåíòèëÿòîð; öèðêóëÿöèÿ; âèõðåâàÿ êàìåðà; àýðîäèíàìè÷åñêàÿ ñõåìà; âèõðåèñòî÷íèê; êðó­
ãîâàÿ ðåøåòêà ïðîôèëåé; êðóãîâàÿ ðåøåòêà; öèðêóëÿöèÿ ïîòîêà; åäèíè÷íûé ðàäèóñ; àýðîäèíàìè÷åñêàÿ íàãðó­
æåííîñòü

Over the last few years significant problems 
have arisen in the mine ventilation 

industry due to lacking efficiency of coal mines 
ventilation.

Technical parameters of local ventilation 
fans (LVF) do not fully comply with modern 
requirements for ventilation of blind workings. 
Increasing load on to stopping face, increasing 
growth of the length of the blind workings 
require to use  fans with greater aerodynamic 
loading and adaptability.

The use of profiles with active control 
over their flow during the design of mine 
centrifugal fans allows significantly to 
increase the pressure, developed by them, 
being very important for gas­sucking fans 
and local ventilation fans (LVF) which are 
characterized with high aerodynamic loading 
[2; 3; 8; 10].

From the practical point of view the 
most interest is given to circular gratings 
of piecewise­smooth profiles in which the 
structural elements of the circular grating 
itself are used as a source of control jets and 
the control flow, entering them, is a part of the 
main flow or the flow of a high­pressure spiral 
chamber. Such devices are simple in design; 

they ensure reliability and maintainability of 
fans, increase of their aerodynamic loading, 
economy and, as a result, potentially wide 
area for their application [4; 6].

In the theoretical study from the 
aerodynamic point of view, it is more 
interesting to study the phenomenon of control 
flow jetting through the air drainage. In order 
to build a mathematical model it is necessary 
to take into account not only the physical 
process of influencing on the main flow of 
drainage of the control flow jet but also the 
complex processes occurring in the boundary 
layer, the influence of these processes onto 
the nature of the main stream, flowing around 
the profile, change in velocities but the 
main is the amount of additional circulation 
caused by it and, as a result, the growth of 
the aerodynamic loading of circular grating of 
piecewise­ smooth profiles [1; 9; 12].

Taking into account that the mathematical 
model, embracing all these phenomena, is a 
very complex and inconvenient one, the aim 
of this article is to determine the cause­effect 
relationship of changes in the aerodynamic 
loading of a circular lattice of piecewise­
smooth profiles, i.e., change of circulation 
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around profiles, associated solely with the 
effect onto the main flow of the control flow 
jet, namely, power characteristics of the 
source.

The construction of the above mentioned 
mathematical model is conditioned by the 
necessity in a simple explanation of reasons for 
changes in the aerodynamic characteristics of 
circular gratings with adaptive vortex sources 
and establishment of position dependence 
of the rear critical point (RCP) on the 
parameters of the control flow jet [1; 5; 11].

The study of this phenomenon makes 
it possible to assess qualitatively and 
quantitatively the possibilities of the method 
of improving aerodynamic characteristics, to 
construct the basic principles and algorithms 
for designing turbomachines based on them 
with active methods for controlling of their 
aerodynamic characteristics.

In figure a model is schematically 
presented of a circular grating of piecewise­ 
smooth profiles of arbitrary shape with a 
source of a control flow jet.

Circles of radius  1іjl ,  on which a circular grating of piecewise­smooth profiles with airdrainage is shown, r / 

Îêðóæíîñòè ðàäèóñîâ  1іjl ,  íà êîòîðûõ îòîáðàæåíà êðóãîâàÿ ðåøåòêà êóñî÷íî­ãëàäêèõ ïðîôèëåé 
ñî ñòîêàìè, r

A circle of radius 1іjl  with an input 
channel of an adaptive vortex source defined 
by  coordinates               is streamlined by a flow. 
Physically it means that there is air drainage 
inside of the circle and a source of the same 
intensity is located in infinity. A part of the 
air from the main stream, flowing around the 
circle, enters it through the above channel. 
Taking into account that from the point       the 
inflow moves in the direction opposite to the 
main flow, there is a critical point on the circle 
guided by a coordinate        in which the velocity 

of the main stream is 0. Thus, there are three 
critical points on the circle, i.e. points on the 
profile of the circular grating in which the rate 
of the main flow is 0: front critical point    , 
rear critical point     , critical point due to the 
presence of drainage of the vortex source      .

In addition, at points determining the 
width of the input channel of the drainage of 
the adaptive vortex source          and at the 
beginning of coordinates where the drainage 
is placed the velocity has infinite value. Thus, 
accounting the method of Chaplygin S.A. the 
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characteristics and theory of residues, we 
obtain the equation for the velocity of flow 
around a circle in the following form:

,         (1)

where                                   – complex potential 

in the plane of radius 1іjl
; 

                    – complex coordinates of points 
in the region rS ; 

   j
ij tr =   on circles of radius jl .

Assuming for calculation simplicity 1=jr  
the equation (1) is transformed in the follow­
ing form:

.  (2)

Taking into account the properties of 
the complex variable functions the above 
expressions are transformed in the form:

    

.                                                 (3)

After corresponding transformations, 
taking into account (3.3), we obtain:

                                                 (4)

The resulting equation allows to calculate 
the velocity at any point of the circle of the 
region rS  that is, to determine the value of the 
flow circulation.

The velocity modulus according to 
equation (3.4) is determined by the formula:

.                             (5)

The angle of the vector velocity in relation 
to the X­axis absciss, which determines the 
position of effective rear critical point (RCP) 
and characterizes the flow regime around the 
circle of a unit radius reflecting the flow in a 
circular grating of piecewise­smooth profiles 
is expressed by:

If :

Taking into account that the obtained 
formulas allow to calculate the magnitude and 
direction of the velocity at any point of the 
circle of the unit radius of the region rS  after 
corresponding transformations, we obtain 
equations for calculating the position of the 
effective rear critical point on the circle of the 
unit radius in the region rS :

where                                  – the angle deter­
mining the position of the middle of the input 
channel of the vortex source;
                                    –  angle of displacement 
of the rear geometric critical point, i.e., 
angle between the effective (aerodynamic and 
geometric rear critical points of a piecewise­
smooth profile with an adaptive vortex source).

Since, according to Zhukovsky­Chap­
lygin­Kutt hypothesis the position of the 
rear critical point, i.e., the point of the air 
flows cape from the profile, determines the 
amount of circulation around the profile and 
consequently the aerodynamic loading of the 
circular gratings of the profiles; the magnitude 
of the displacement angle     determines the 
value of circulation growth and consequently 
the aerodynamic loading of the circular lattice 
of the profiles.

Thus, using the simplest transformations 
the formula was obtained  allowing  to 
explain the physical process of changing the 
circulation around the profile and as a result 
the changes in the aerodynamic loading of 
the circular gratings of the profiles under the 
influence onto the main air drainage of the 
control flow jet.

                          (6)

                          (7)
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Conclusions. 
1. The parameters of the jet drainage of 

the control flow affect the position of their 
RCPs of circular gratings of piecewise ­smooth 
profiles.

2. The aerodynamic characteristics and 
adaptability of fans created on the basis of 
circular gratings of piecewise­smooth profiles 
with drains of the control flow depend on 
their parameters.

3. The purposeful management of 
the parameters of the jet drainage of the 
control flow in blades of the fans impellers 
contributes to the increase of their functional 
and economic efficiency.

4. With the given intensity of the jet drain 
of the control flow, a decrease in the width 
of the outlet channel, resulting in the velocity 

increase of the drain flow, gives a greater 
effect of the developed pressure increase.

5. The additional circulation created by 
the control flow jet allows to use the proposed 
method of increasing the differential pressure 
to develop the design of hydrodynamic injectors 
of effective dust suppression. Promoting 
effective discharging in the region between a 
rotating drop of liquid flowing out from the 
hydrodynamic nozzle and dust particles, it is 
possible to increase the efficiency of not only 
dust capture but its absorption at much lower 
energy levels, in this way, helping to reduce 
the effective angle of wettability. This is very 
expedient for dedusting of the media having 
chemical composition with weak adhesion 
properties.
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